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Strain effects, particularly in phase transitions
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Recent progress in understanding kinetics of texturing during structural phase tran-
sitions with long-range strain interactions is reviewed. We analyse systems with elas-
tically mediated interaction which due to its anisotropy and infinite range has a
pronounced effect on kinetics and textures occurring during the phase transition. As
a generic example the textures (‘stripe’ and ‘tweed’ phases) due to oxygen ordering
in layered high-T; cuprates (YBCO) are discussed.

An atomic ordering process in cell ¢ generates a local stress field, which is propa-
gated elastically to a distant cell j. The effective elastic interaction J(R;;) at large
distances can be broken into a highly anisotropic spatial part, defining a few ‘soft’
directions coinciding with the orientation of twin boundaries, and the so-called Zener
interaction Jy of infinite range. The spatial part of the interaction falls off o< 1/ Rg’j in
ferroelastic and oc 1/RY; in anti-ferroelastic materials, with corresponding differences
of the properties of domain walls in these two cases.

We analyse the origin of tweed texture usually seen when a ferroelastic material
is quenched through the transition temperature 7., and under other conditions. It
is argued that a dense mass of embryos of the ordered phase is present as ther-
modynamic fluctuations at temperatures well above 7. These fluctuations control
the length and width of the tweed microdomains observed after quenching. Further
coarsening of the tweed towards a stripe texture proceeds via the creation of needle
domains governed by the strains around right-angled domain walls. Unusual texture
formation under sudden heating is discussed.
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1. Introduction

The structure of solids is defined by the size and packing of atoms and groups of
atoms. Examples are the shapes of rather rigid units such as BX2~, NO;, or CO3~
ions or the C¢Hs phenyl group (Etxebarria et al. 1990, 1992; Michel & Rowe 1985;

p—d

< Ortiz-Lopez & Luty 1988; Benkert et al. 1987), and the linking of also rather rigid

> E SiO4 tetrahedra in framework silicate structures (Putnis 1992) or octahedra in per-

o L ovskites (Powell & Gerlach 1989). The same packing and linking principle applies,

=% et by extension, in structural phase transitions of either the displacive type or atomic

=, ordering or orientation of the units mentioned previously (Dove et al. 1992, 1993;

E o Giddy et al. 1993; Tautz et al. 1991; Vallade et al. 1992). Intimately related to this
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Figure 1. Schematic view of the Cu(1)-O plane of YBCO: (a) high-temperature tetragonal
phase, oxygen atoms populate equally all positions denoted by heavy dots; (b, ¢) low-temperature

orthorhombic phase, oxygen atoms mainly occupy two preferential configurations that results
in a spontaneous strain.

general class of phenomena are the metastable tweed-like textures formed in diverse
materials undergoing a structural phase transition, e.g. the tetragonal to orthorhom-
bic transition in YBCO lightly doped by three-dimensional impurities (Schmahl et al.
1989; Van Tandeloo et al. 1987). Tweed texture is usually seen after cooling through
the transition temperature T, and consists of long thin microdomains, which coarsen
with time. The involvement of long-range elastic forces is well-known (Marais et al.
1991a; Bratkovsky et al. 1994a,b,c; Wen et al. 1981). Sometimes the strain energy
accounts for up to 50% of the enthalpy of the phase transformation (Salje et al.
1985).

We shall further explore the strain effects in the context of phase transformations,
but phenomena where a strain mediated interaction is important are much wider.
The strain fields are, for instance, generated by, for example, defect or impurity
which could be relieved near a free surface (Tersoff 1995), or during a stick-slip
process in a grain boundary sliding, or dislocation movement which releases strain
when rebonding occurs.

Unfortunately, the role of strain fields is largely ignored in the current literature,
perhaps partially because of the mathematical complexity needed in the description
of strain. However, the study of strain effects is now coming to the fore, as shown by
this volume. Here we shall limit ourselves to ferroelastic second-order phase transi-
tions.

The physical picture of strain effects is clear: when atomic ordering takes place in
one unit cell of the crystal or when one unit rotates at position R;, it inevitably pulls
or pushes atoms or/and whole structural units; i.e. it creates a local displacement
field. This field then displaces adjacent atoms and hence it creates a wider local
displacement field. Hence any distortion propagates elastically to distant points R;
of the crystal via a knock-on effect. The resultant local strain at R; then acts as an
ordering force there. In other words, there is an indirect ordering interaction J(R;;)
in the material mediated purely by strain.

Mesoscopic textures (e.g. tweed), frequently accompanying phase transitions in
ferroelastic materials, are clearly related to elastic forces because their characteristic
length scales are much larger than the lattice spacing (with oxygen-deficient YBCO
as a typical example (Schmahl et al. 1989; Van Tendeloo et al. 1987; Salje & Parlinski
1991; Semenovskaya & Khachaturyan 1991, 1992)). This case is a useful paradigm

Phil. Trans. R. Soc. Lond. A (1996)
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Strain effects, particularly in phase transitions 2877

due to relative simplicity of oxygen ordering (figure 1). Tweed texture presents itself
as a cross-hatched fine pattern of microdomains where the overall degree of order
is small due to abundance of domain walls, but each microdomain is well ordered
inside. We show in figure 2 an experimental picture of a tweed in feldspar together
with a schematic picture of microdomains.

The strain mediated interaction is anisotropic and it triggers the tweed formation
below critical temperature in the presence of any inhomogeneity. In the present study
the thermal fluctuations in a perfect system drive the tweed formation, but similar
tweed patterns can also be due to point defects, sudden heating, inhomogeneities or
instant releases of pressure.

Textures, and tweed texture in particular, are not only ubiquitous and can be
produced in many ways, but they also play an important role in materials properties
like flux pinning in high-T, superconductors.

Our paper is arranged as follows. In the following section we consider the nature
of local strain and strain coupling, then we analyse its effect on ordering kinetics and
texture formation in §3 and go over to a discussion of the origin of tweed texture
in §4. The effect of sudden heating, inhomogeneities on ferroelastic material are
described in §5 and conclusions are given in §6.

2. The nature of local strain and the ‘effective exchange energy’

We consider structures of solids which are largely determined by packing together
atoms, molecules or structural units such as BX, tetrahedra or BXs octahedra, or
by linking such units via shared corner atoms into a framework structure, e.g. per-
ovskite. Hence in a structural phase transition the atomic ordering occurring in one
unit cell will exert stresses locally on the surrounding material. The resultant strain
field propagates elastically to distant parts of a sample and interacts with the local
ordering there. There is therefore an indirect coupling J(R;;) between the ordering
in cells 7 and j mediated by local strain (figure 3).

We have studied the indirect coupling J(R,;;) theoretically and by computer simu-
lation: the form of J(R;) and its Fourier transform Jj, particularly their anisotropy
and long-range behaviour (Bratkovsky et al. 1995), with application to the kinetics
of ordering and the formation of metastable textures of microdomains (Bratkovsky et
al. 1994b, ¢), and fluctuations (Bratkovsky et al. 1994a), especially the tweed texture
found in a wide variety of materials (Khachaturyan 1983; Tanner et al. 1982; Salje
1993a; Bratkovsky et al. 1994c).

Let us first discuss some general features of J(R). Perhaps the most important
characteristic of J(R) is its symmetry. For example in figure 3 the net interaction
J(R;;) is ferroelastic and the local deformation is a shear e;,. In figure 4a local
ordering at R; creates a force field that does not have the symmetry of a shear and
figures 4a, b show that the ordering is ferroelastic and antiferroelastic, respectively.
Ferroelastic local ordering (figure 3) is analogous to that of the usual force dipole
(Eshelby 1956) and results in an anisotropic strain field falling off as Jr(R) o< 1/R®.
In the antiferroelastic case the decay of interaction is necessarily stronger, Jar(R)
1/R5. At large distances we obtain broadly speaking the following asymptotic forms
(Bratkovsky et al. 1995):

(i) ferroelastic case (F)

_ A4Y;1m(67 ¢) + A2}/2m(67 ¢) + AG}/Gm(ea ¢)

J(R) = i ‘ + Jz, (2.1)

Phil. Trans. R. Soc. Lond. A (1996)
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2878 A. M. Bratkovsky, V. Heine and E. K. H. Salje

Figure 2. (a) Microstructure of Co-doped YBas(Cu,Co)3O7. Scale: the black label insert is
0.2 pm long (photograph by courtesy of A. Putnis, Cambridge). (b) Tweed texture in Co-doped
YBCO (schematic). The domains with opposite spontaneous strains are shown to form a char-
acteristic cross-hatched domain pattern.

where J; = Z/N is the Zener-Eshelby constant term due to image forces on a free
surface (Zener 1948; Eshelby 1956);
(ii) antiferroelastic case (AF)

A4Y;1m (97 ¢) + A2}/2m(9> ¢) + A6Y6m (9, ¢)
R5
Here Y}, represents some appropriate spherical harmonic of order [, and the Yj,,
term has been put first because it is usually the dominant one.
The most anomalous part of equation (2.1) is the term Jz, which is constant, i.e. it
has infinite range. We note that ferroelastic ordering in a single unit cell contributes o<

J(R) = . (2.2)

Phil. Trans. R. Soc. Lond. A (1996)
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Figure 2. Cont. (¢) Domain boundary for ez = —eyy type of strain, very idealized. Note the
necessary distortion of the cells on the boundary. (d) Domain boundary for ey type of strain.
Note the absence of any distortion around the boundary apart from the ordering strain.
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Figure 3. Origin of coupling mediated by strain (schematic). The ordering of two large and
two small atoms distorts the cell shape at R;. The distortion results in forces (arrows) on
neighbouring cells and is transmitted through the elastic medium (row of dots) to where it
distorts the cell shape at R;, which in turn creates forces (arrows) tending to order atoms on
the four sites in the cell (heavy dots).

1/N to the total shear, and thus the factor 1/N stems from normalization. Although
the Zener—Eshelby term is of order 1/N, it gives a finite contribution to 7, and to
the enthalpy per mole of the phase transition, when summed over all cells. It is also
responsible for some of the phenomena to be mentioned below.

There is a second interesting feature of the interaction. In the ferroelastic case the
interaction in the Fourier transform Ji has a singularity at k = 0, in that the limit
of Ji as k — 0 depends on the direction of k. This is a simple reflection of the fact
that the velocity of sound is anisotropic. It has observable consequences in the form

Phil. Trans. R. Soc. Lond. A (1996)
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Figure 4. (a) Ordering of two large and two small atoms in one cell creating a stress field of egy

symmetry (ferroelastic). (b) The same with one large and two small atoms creating a stress field
of trapezoidal symmetry on its surroundings, which results in antiferroelastic ordering.

il B

N\ K
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Figure 5. Different symmetries of forces exerted by local ordering processes onto the neighbour-
ing crystal sites: (a) stresses of egz—eyy symmetry (ferroelastic) and (b) stresses of trapezoidal
symmetry (cf. figure 4b).

of the fluctuations of the order parameter above T, and the suppression of critical
fluctuations (Bratkovsky et al. 1994a). The point of mathematical difficulties in the
theory which we shall have to watch, arises from these two features, i.e. the volume
term in (2.1) and the elastic anisotropy both contributing a singularity at k = 0.
Yet another point to take care of is the obvious existence of a self-energy which is
due to initial deformation of the lattice due to local ordering process (). It exists
irrespective of other pseudospins in the system and, therefore, should be excluded
from the interaction between Qs in different cells. Detailed analysis of all possible
situations is given by Bratkovsky et al. (1995) and Tsatskis & Salje (1996).

Since the J(R;;) and the tweed texture are due to the strain generated by the
structural transformation, the details of the atomic ordering geometry in each cell
are of secondary importance: only the stresses caused on the neighbouring material
matter. We shall, therefore, represent the local ordering process in a cell i by the
scalar variable Q(R;) and normalize it to =1 at T' = 0, plus a resulting set of
forces & F' acting on the corners of neighbouring cells (figures 5a,b). Q(R;) may be
a discrete variable, as in a simple atomic ordering process, or it may be a continuous
variable, such as the rotation angle of a (relatively rigid) unit, as previously defined.
We can now write down the energy expression for the whole system in a general way
as (Bratkovsky et al. 1994¢, 1995)

E = iu"du—u'FQ, (2.3)

where u is now the column matrix of arbitrary atomic displacements, superscript ‘I”
denotes a transpose, and @ is the matrix of interatomic force constants as used in

Phil. Trans. R. Soc. Lond. A (1996)
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Figure 6. Schematic drawing of the ordered structural states corresponding (a) to the value of
local ordering variable @ = 1 and (b) Q@ = —1. (¢) Simple cubic structure (dots) connected by
springs of strength K and K> along the cube edges and diagonals (shown in one cell only).

lattice dynamics. Due to the fact that the energy (2.3) is a quadratic form of atomic
coordinates, both atomic coordinates, u, and local ordering variables (pseudospins),
Q, can be decoupled by simple canonical transformation yielding an effective Hamil-
tonian:

E=NEo—3) > J(R;)QR)QR), (2.4)
i j(#)
and the interaction (effective coupling) is given by
J(Ry;) = [FT 97 Fly, (2.5)

where @~ ! is the lattice Green’s function. It is quite clear from the form of the
equations (2.4), (2.5) that all these expressions can be evaluated more easily in
reciprocal space. There ¢! can be found via the inverse dynamical matrix, diagonal
in reciprocal space,

Dy’ =3~ 9°%(Ry;) exp(~ik - Ry), (26)

R,‘j

the dimension of which is reduced dramatically due to Bloch’s theorem compared to
the original matrix of force constants. Then the energy (2.4) takes the form

E=FEy— 3§ JkQuQ x, (2.7)
k

Phil. Trans. R. Soc. Lond. A (1996)
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with the following expression for the interaction J:

. Qccaﬁ’wseglgegb‘ - P, fOI‘ k = O,
7 Fe(DeP)1FP,,  for k#0.

Here P=1/N 3", F(D2P)~1FP, is the self-energy, the k = 0 term corresponds to
the infinite-range Zener interaction between @Js in real space:

Jz = Z/N = (1/N)(£2.Capyseages — P). (2.9)

For actual simulations we have used a local order parameter @); having only the
values of +1 (a pseudospin (figures 6a,b)) in a simple cubic lattice where first and
second neighbours were coupled by elastic springs to represent a deformable solid
(figure 6¢). Due to its simplicity all quantities of interest can be calculated easily,
many of those, like the dynamical matrix, etc. in closed form. Simulations have been
performed with a combined Monte Carlo—molecular dynamics algorithm to, first, pre-
pare a Q-configuration and, second, relax atomic positions subject to forces exerted
by the local ordering processes Q. We have updated the pseudospin configuration
{Q} following Glauber spin dynamics attached to a heat bath at the given temper-
ature. Once the spin configuration has been chosen, we have solved the Newtonian
equations of motion with a fictitious friction force to find out new equilibrium ionic
positions. The procedure is exactly equivalent to a Monte Carlo algorithm applied
to the combined ordering plus relaxation energy due to the assumption of harmonic
springs. This model has given remarkably ‘life-like’ images of tweed in computer
simulations (Bratkovsky et al. 1994b,c¢) as we shall describe later.

In the ferroelastic case the ridges of J coincide with directions in which material
may have infinitely long coherent domain walls separating domains with different
spontaneous deformation e. The conditions for coherent macroscopic domain walls
between regions of strain e(*) and e® are (Sapriel 1975)

(2.8)

(e}

det(el) —el)) =0, tr(el) —el) =0, (2.10)

where det and tr denote the determinant and the trace of a matrix, respectively. We
only consider cases where e? = —e() and it is easy to check that for the typical
case of the zz—yy type of strain (i.e. e;, = —e,, # 0), as well as for the zy shear, the
Sapriel conditions (2.10) are satisfied. Incidentally, there is a clear non-additivity of
different eigenstrains. For instance, e, €,. and e, all satisfy the Sapriel conditions
(2.10), but their sum, e,y + €,. + e,., which corresponds to cubic to rhombohedral
transformation, does not.

When the conditions (2.10) are satisfied, the domain walls can have two orienta-
tions with normals 14 and n. that are at right angles: hence the tweed texture. This
has nothing to do with symmetry and applies, for instance, to triclinic feldspars. For
the zy shear these are the [100] and [010] planes, and for the zz—yy shear they are
the [1,£1,0] planes. '

Returning briefly to real crystals and their phase transitions we should note that
their atomic structure cannot always be mapped directly onto our simplified model.
But we believe that our model contains the physics displayed by them. For instance,
in KCN, the CN~ jon can point in several possible directions, leading to a mul-
ticomponent order parameter and several types of domains with different strains
e(®) (Michel & Theuns 1989); but the existence or otherwise of coherent boundaries
depends again on Sapriel’s conditions (2.10).

Phil. Trans. R. Soc. Lond. A (1996)
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Figure 7. Profiles of the number of 3 x 3 x 3 sub-blocks with a certain value of Q; in our
computer model after quenching from far above Tt to around 0.97;. Different profiles correspond
to different times after the quench in units of Monte Carlo steps per ordering variable. (a) Direct
nearest neighbour coupling between the ordering variables Q; (b) strain coupling of ezy+ey.+€q-
symmetry. (c¢) Temperature evolution of the order parameter model with strain coupling of
€xy+eyz+ez, symmetry which does not allow for coherent domain walls in a computer simulated
(bold line) and in mean field theory (thin line).

3. Effect of local strain on ordering kinetics and textures

As a result of the long ranged behaviour of the coupling J(R) (2.1) we can expect
the mean field Bragg-Williams theory to be exact (Vaks et al. 1966). It is important
to note that the angularly dependent term in equation (2.1) has zero angular average
and does not contribute to the mean field transition temperature. However, due to
the anisotropy of this term it determines the short-range order and results in tweed
pattern, as we discuss below. The critical temperature of transition (in the absence
of short range interactions) would be determined by only the Zener—Eshelby term

Phil. Trans. R. Soc. Lond. A (1996)
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Jz, and in the mean field approximation
kT2 = NJg = 2.Capyseozeds — P. (3.1)

The behaviour of the order parameter has been analysed in simulations for our
strain coupled model, described previously, and gives bona fide phase transition
(Bratkovsky et al. 1994c; Marais et al. 1994). In this case the simulation has been
done for a three-dimensional 16 x 16 x 16 lattice with a set of forces F' producing
a stress of the type zy + yz + xz (which prohibits the existence of coherent domain
walls). The temperature dependence of the order parameter, defined as

1
2=y Q) (32)

for ferroelastic transitions, follows the behaviour of mean field theory very well, as
seen in figure 7c.

The kinetics of ordering in our strain interaction model differ from those predicted
by ‘nucleation and growth’ theories and observed in nearest-neighbour Ising models.
The long-range elastic interactions couple all the local ordering variables to one
another, resulting in a uniform ordering of the system. In figure 7 the distribution of
a coarse-grained order parameter () is shown as the system orders. The coarse grained
Q; is the average of Q(R;) over the block of 3 x 3 x 3 cells centred on cell 4. Initially
Q; is distributed around zero with a statistical width of 1/,/27 as expected from
the 3 X 3 x 3 coarse graining. Figure 7a shows the behaviour of a conventional Ising
system with nearest-neighbour coupling. At ¢ = 50 the system has evolved a broad
distribution showing substantial clusters forming with Q; near to the equilibrium
values Q; = £Q.q ~ +0.8 with boundaries between these regions accounting for the
distribution in between the two values £Qq. Only after a very much longer time do
the clusters with negative @); (in this particular simulation) grow at the expense of
the positive clusters to give the final ordered state, not yet fully reached at ¢ = 600.

This is in stark contrast with the behaviour of the strain coupled system shown in
figure 7b. Throughout the ordering process the system remains essentially uniform
with the distribution retaining the form of a narrow peak. As the ordering evolves,
this peak moves relatively uniformly to its value at Q.o (negative in this case). The
reason is that every cell ‘knows what every other cell is doing’ in the whole sample
because of the long-range nature of the interaction. There are no signs of the local
‘nucleation and growth’ processes observed in figure 7a.

Having shown that the sample orders uniformly, one can develop a theory of
(dis)ordering kinetics which leads to relatively simple rate laws describing the order
parameter growth. The kinetic theory of second-order phase transitions is discussed
in detail by, for example, Landau & Khalatnikov (1954), Patashinskii & Pokrovskii
(1979), Khachaturyan (1983), Dattagupta et al. (1991a, b).

The uniform ordering process which we observe in our model can, to a good ap-
proximation, be described within the scope of the time-dependent Landau-Ginzburg
equation

0Q .Gy .
W = 1/—66, (35)
where G, = G [Q)] is the appropriate free-energy Landau functional, o = —1,V? +

Vn, Vn and v, are the kinetic coefficients for non-conserved and conserved order
parameters, respectively (Landau & Lifschitz 1986; Patashinskii & Pokrovskii 1979).

Phil. Trans. R. Soc. Lond. A (1996)
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In this theory an account can also be made for strain interaction (Dattagupta et al.
1991; Salje 1993a, b; Khachaturyan 1983; Semenovskaya & Khachaturyan 1991a, b;
Chen et al. 1992). In case of a partially conserved order parameter, a complex pattern
is expected as the outcome of kinetic processes (Salje 1993b; Tsatskis et al. 1994).

Usually the Landau functional is used which is known to be correct close to the
equilibrium configuration. Such rate laws have been extensively tested experimen-
tally and found to describe the observed (dis)ordering behaviour correctly (see, for
example, Salje et al. 1993). In some situations, however, the system is far from equi-
librium, and the applicability of the Landau functional derived close to equilibrium
becomes questionable (Marais et al. 1991b, ¢; Marais & Salje 1991; Salje 1993a, b).

The major effect on kinetics of ferroelastically coupled systems which allows the
existence of coherent domain walls (as for zz—yy and xy shears) is that it goes into
a metastable texture during ordering and never (or very slowly) orders. To illustrate
the point we give here the results of our simulations of the system with the strain
coupling of ferroelastic symmetry zz—yy (figure 8). We can see that immediately
after the quench to below the critical temperature the system arranges itself into a
tweed pattern consisting of multiple domain walls mainly aligned with the [1,£1,0]
soft directions (figures 8a, b). This tweed microstructure gives way to larger domains
in figures 8c—f leading to large areas where only parallel domain boundaries occur.
This finishes the first (fast) stage of the coarsening and further kinetics slows down as
the number of domain wall junctions reduces. We can see how one group of domains
disappears to leave the more regular stripe pattern. This process is stepwise and in-
volves needle-domain formation (figures 8c—f) often seen in ferroelastics (Bratkovsky
et al. 1994c). Already in figure 8c we see that some domains in the right part of the
simulation sample have developed bumps which bend towards each other and even-
tually merge. The domains of opposite sign take, consequently, the needle-shaped
form which is clearly seen in figure 8d. They cut free from the stripe and pull back to
complete the formation of a new stripe in figure 8c; and so on in a self-similar way.

The physical origin of needle domains is as follows (Bratkovsky et al. 1994¢). The
right-angle domain wall causes a lattice misfit and related elastic distortion which
the system tries to accommodate. If we imaging cutting out domains from perfectly
transformed crystals and fitting them together, there would be thin wedge-shaped
gaps or overlaps of angle 2ey at the joins, where eq is the spontaneous strain of the
transformation. Thus fitting the domains together maintaining lattice coherence re-
quires local stress fields which can be visualized conveniently as if they were produced
by a set of fictitious dislocations with Burgers vectors proportional to eq (Miltat &
Kléman 1973). The total force between the corners is attractive and can be easily
evaluated:

L ENG) 3.4

- 71_(1__0_)0‘ n( /(1), ( )

where p and o are the shear modulus and Poisson ratio, respectively, and L stands for

the usual upper cut-off distance. The typical value of the prefactor in equation (3.4)
is of the order of a few kbar.

Finally, the kinetics of the coarsening process has been found in the simulations to
give a T-T-T (time-temperature-transformation) diagram similar to those typically
observed (Parlinski et al. 1993a,b).

Other examples are those for a ‘non-Sapriel’ ferroelastic 2zz—zz—yy (figure 9a, b)
and an antiferroelastic strain (figure 9¢,d). The domain walls do appear in these
cases as well, but they have very irregular shape (Heine et al. 1994; Marais et al.
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Figure 8. The maps of strain order parameter obtained during annealing at temperature
T. = 0.43T. after quenching from T' = 27.. Those from (a)—(f) correspond to annealing time
t = 10, 50, 200, 1000, 2000 and 4000 Monte Carlo steps per site. Note the immediate appearance
of tweed in (a) due to the pre-existence of embryos at 27T¢, the sharpening up of microdomain
walls in (b), the coarsening in (b), (¢), and the formation of needle domains in (d)-(f).

1994). In the former case this is due to violation of the Sapriel conditions (2.10)
for the existence of straight domain walls. In the ‘non-Sapriel’ case the simulated
systems with free boundaries have quickly ordered into a single domain below T}
(figure 9a). However, with clamped boundaries this is prohibited and the system
always forms a developed domain pattern (figure 9b) to relieve the strain energy
as observed experimentally. The antiferroelastic case is different because there the
existence of straight domain walls is not prohibited, but their low energy allows easy
bending. This follows from equation (2.2) and is connected with the fact that in the
antiferroelastic case the interaction is more short ranged (o< 1/R%) compared to the
ferroelastic case.
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© @

Figure 9. (a) The maps of the spin order parameter obtained during annealing of clamped
samples at temperature Ty, after quenching from 47¢. (a) T, = 0.87c clamping of z-, y- and
z-faces. (b) T, = 0.97¢, clamping of z- and y-faces. Note a few coarse irregular domains in
(a) where all faces were clamped. (¢) Antiferroelastic domain wall with strain deformation as
shown schematically in figure 5b. (d) the same domain wall can be made more visible if ordering
variables are multiplied by a phase factor exp(ir(z + y)).

4. The origin of tweed texture

We have discussed in previous sections the general features of strain-mediated
interactions and noted that the long range and anisotropy of this interaction always
results in some form of texturing (tweed) of material during ordering when the Sapriel
conditions are satisfied. It is important to discuss where the tweed texture really
comes from. Prior to our work, it appears to have been thought that the origin of
tweed is a kinetic effect occurring only when the material has reached a temperature
below T, in a quench experiment (Khachaturyan 1983; Wen et al. 1981; Tanner et
al. 1982; Robertson et al. 1983; Zhu et al. 1991; Chen et al. 1992).
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Figure 10. The map of the strain order pafameter at temperature 1.37; showing the embryonic
fluctuations for a system with ezz—eyy type of coupling and boundaries of the type in figure 2c.

However our work has shown, both analytically and by computer simulations, that
the tweed-like short-range order or ‘tweed embryos’ exist as thermodynamic fluctua-
tions at temperatures well above T, = T5"* even 27, and higher (figure 10). On a
long time scale they do of course fluctuate, but they do so very slowly. In a quench,
they are simply frozen in, and then sharpen up and coarsen as already described
in connection with figure 8. Our picture has an important practical consequence:
the scale of the texture can be influenced by the temperature at which the material
is annealed above T, before quench, as has been done with YBCO. We note that
embryonic fluctuations have also been invoked to explain pretransitional phenomena
in martensitic (first-order) phase transitions where the order parameter is strongly
coupled to strain (Seto et al. 1990).

In order to gain more insight into the origin of textures (especially tweed) in
ferroelastic materials we have undertaken extensive computer simulations of our
simple model introduced in § 2 obeying the Sapriel conditions (2.10) for the existence
of coherent domain walls. We observed the evolution of the model subject to Glauber
(i.e. non-conserved) kinetics for the local ordering processes () with atomic positions
adjusted to the instantaneous configuration of (pseudospins) . An important aspect
of our studies is that we do not rely on any particular form of the Landau free
energy or approximation for the stress field. The system is driven towards equilibrium
by elastic forces and by the principle of detailed balance for the thermodynamic
behaviour, and we simply observe how it evolves. Although the model to which we
apply the laws of physics is a simplified one, it picks out and treats exactly the strain
effects.

We have considered the model with e,,—e,, type of spontaneous strain relevant
for the orthorhombic-to-tetragonal (O-T) phase transition in YBayCuzOr_s. The
structural O-T phase transition occurs at temperature T, ~ 1000 K (Jorgensen et
al. 1987). The approximation of the model is that we ignore all other interactions,
e.g. screened Coulomb interactions in our studies of oxygen (dis)ordering in YBCO
(Bratkovsky et al. 1994b; Parlinski et al. 1993a,b). We note, however, a variety of
short-period superstructures due to oxygen ordering observed in oxygen-deficient
YBCO (Reyes-Gasga et al. 1989). These superstructures were successfully explained
in terms of a short-range interaction model (Poulsen et al. 1991; Adelman et al. 1992,
and references therein), and the inclusion of Coulomb effects has been shown to be
important (Aligia & Garces 1994; Aligia 1992). Moreover, the short-range interac-
tions determine the temperature of the orthorhombic-to-tetragonal phase transition
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in YBCO, as is seen from the following simple calculation. On the other hand, that
model obviously cannot explain the tweed and stripe textures which are the result
of long-range elastic interactions.

It is easy to estimate the critical temperature of the O-T ferroelastic phase transi-
tion in YBCO with the use of equation (3.1) (Brown 1995). Using the lattice param-
eters of the orthorhombic phase a = 3.820 A, b = 3.885 A, ¢ = 11.681 A (Schmahl
et al. 1989; David et al. 1987) and a; = 3. 854 A for the tetragonal phase of YBCO
(Schmahl et al. 1989) we can estimate the spontaneous strains of the O-T transfor-
mation e;; = (a—ay)/a; = —0.0088 and ez = (b—a¢)/a; = +0.0080. We can approxi-
mate it rather accurately by a spontaneous strain e = (ex2+|e11])/2 = 0.0084 of pure
rz—yy symmetry, and then write down the corresponding mean field expression for
the critical temperature as T5"® = 2(2.(Cy; — Cia)e2 — P =~ 260 K. In this estimate
we have used the experimental values for elastic constants Cy; = 3.73 x 10" N m™2
and Cpp = 2.08 x 10* Nm~2 (Baetzold 1988). The estimated value T5""2® = 260 K
and we see that the long-ranged elastic effects account for under 30% of the actual
O-T phase transition in YBCO.

First we discuss the results of our simulations at temperatures well above T. with
strain coupling of the zz—yy symmetry (Bratkovsky et al. 1994b). At T ~ 2T, we
found well-defined embryos of the tweed texture as shown in figure 10. As well as
being tweed-like in shape, the local strain in them attains an appreciable fraction
(ca. 50%) of the maximum spontaneous strain at low temperature. The embryos exist-
ing above T, before quenching become the metastable tweed texture after quenching.

There are even well-defined embryos at 47, and higher temperatures, although
less intense of course. This is relevant to YBCO because 4T in our model translated
into 475" there, which is approximately the actual T, of YBCO. Thus we certainly
expect our story of the origin of the tweed texture on cooling to apply to YBCO,
although the high temperature relative to 7% may make embryos difficult to verify
experimentally above T,.. From the quantitative theory below, we can estimate that
the local strain attained in the embryos is of order 35% of the maximum spontaneous
strain. This is enough to seed the tweed texture on quenching.

The disorder in our model is dominated by strain-induced microdomains with
boundaries approximately parallel to [1,4:1,0]. It is interesting to compare the fluc-
tuations of the order parameter measured in simulations:

Sk = (QrQ-k), (4.1)

where
Qr = NZQ ) exp(ik - R;), (4.2)

with predictions of a theory of classical uncorrelated fluctuations which gives (Landau
& Lifschitz 1986)

kgT
= 4.
S = T — I (4:3)
The behaviour can best be understood by approximating J for small & as
Jix = d(n) — g(n)k?, (4.4)

where n = k/k and the functions d and g depend only on the symmetry of coupling,
and d(n) reaches its maximum value only along the symmetry directions of the
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Figure 11. (a) The coupling Ji for ezz—eyy type of strain; (b) the structure factor Sy from the
simulations above T¢; (c) the most general form of the interaction Ji in reciprocal space. The
value J,, = 0 is larger or equal to the limit k — 0 in any direction.

lattice, which are defined as the ‘soft’ directions where the fluctuations are enhanced
(Bratkovsky et al. 1993a).

Comparison of Jy calculated from (2.8) and the measured Sy in the model at
T = 1.3T,, displayed in figure 11, shows almost the same butterfly-like pattern.
For the sake of completeness, we show in figure 11c the most general form of the
interaction Ji in reciprocal space, which illustrates the non-analytic behaviour of
the interaction at small wavevectors.

The fluctuations along hard directions are suppressed and ‘arms’ of large Sy are
extended along [1,£1,0] directions. The difference between the two patterns is limited
to the region at kay ~ 0.15 where we observe a strong saturation effect. There the
measured Sy has its minimum instead of reaching a flat maximum prescribed by the
simple Ornstein—Zernike formula (4.3). This is related to the fact that already at
T ~ 2T, the system shows some tendency to regularize the spatial fluctuations into
roughly equally spaced parallel domains. Thus (coming down in T') the fluctuations
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already deviate from the classical form (4.3) at T' ~ 2T, and this is a saturation effect
from the fact that the local order parameter in our model cannot exceed the value at
T = 0. In a Landau development of the free energy the effect would come from Q*
and higher-order terms in the entropy. In that qualitative sense the deviation of the
fluctuations from classical form has a similar origin to that in critical fluctuations.
However the usual long wavelength and scaling behaviour of critical fluctuations do
not apply to our tweed embryos because of the unusual form of (4.4).

It is worth noting that the observed fluctuations stem from the behaviour (4.4) of
the coupling Jg, or, more precisely, from the term d(n) with its strongly non-analytic
behaviour for small k. This term prevents domain walls from curving as they do
when d(n) = 0, as in antiferroelastic systems. Our simulations show, indeed, that
antiferroelastic systems show behaviour intermediate between that of the ferroelastic
case and a nearest-neighbour Ising model insofar as domain walls easily nucleate and
have arbitrary shape.

5. ‘Non-thermodynamic’ behaviour on rapid heating

There is current interest in a wide range of phenomena where a non-equilibrium
system does not follow the obvious direct path towards equilibrium. They include
structural transformations under sudden heating or sudden release of pressure. A
system in this situation is put into a highly non-equilibrium state and can explore
unusual paths towards its equilibrium state. Examples are the amorphisation of crys-
talline silica under pressure (Hemley et al. 1988; McNeil & Grimsditch 1992; Doukhan
1994) or release of pressure (Tsuji et al. 1993), transient phases in a—Si on rapid heat-
ing (Masaki et al. 1995), possibility of domains ‘switching’ in a ferroelectric subjected
to a high-intensity optical pulse of a period much shorter than the typical phonon
period (Fahy & Merlin 1994), and others.

We thought it would be important to see whether our model, which is simple
enough to allow complete understanding of its behaviour, can reproduce the effect.
We have, therefore, performed a series of computer experiments where we started
from the completely ordered state, @ = 1. Then the pseudospins in the model were
set free at temperature T' ~ 0.57,. According to a standard picture of thermodynamic
behaviour, the system would have kept its ordered state with a high degree of order,
only a few ‘wrong’ spins were expected to appear during equilibration of the system.
But the actual behaviour has been completely different from the prescribed picture:
first, spin flips occur randomly across the lattice (figure 12a). Second, those that are
roughly in £(1,+1,0) directions from one another set up local strain fields which
develop into microdomains along the soft directions in the crystal (figure 12b). Thus,
the system instead of remaining slightly disordered at low temperature finds its
way towards a tweed pattern. Macroscopically this specimen would look completely
disordered though inside each domain the degree of order is almost perfect, with all
the disorder concentrating inside the domain walls. Trying to find the relation of
the model behaviour with the real world we can speculate as follows. The critical
temperature of the phase transition is T, ~ Ce?, where C is a typical elastic constant
of the material. It is reasonable to expect that under pressure p the stiffness increases,
C(p) > C(0) and T, goes up, then the decompression would correspond to a sudden
increase of T'/T,, as in our computer model.

We believe that this evolution of the system under conditions of sudden heating
towards the tweed pattern is a useful paradigm of a ‘non-thermodynamic’ behaviour,
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Figure 12. Sudden heating: model system which has initially been set in state with all Q; =1
and then subjected to instant heating to 0.47%. (a) After ¢ = 2 Monte Carlo steps a few spins
have flipped in rather random manner.

when a system during (dis)ordering gets trapped in a ‘wrong’ free energy minimum
and never gets out from there.

6. Conclusions

We have discussed a variety of phenomena in phase transitions related to strain.
Strain accompanies almost any kinetic ordering process in the bulk or surface and
leads to elastically mediated interaction. The elastic interaction J(R,;;) falls off
slowly, usually as the inverse cube of the distance R, and also contains an impor-
tant term of infinite range, the so-called Zener—Eshelby interaction. Although the
elastic interactions have long been studied in the case of point defects in solids, in
ferroelastics it is seen in its ‘pure’ form and leads to a bona fide phase transition.

The general form of interaction J;; between local ordering processes in ferroelas-
tics is completely defined by the symmetry of the order parameter strain coupling.
We have shown that the coupling with the symmetry of the macroscopic strain leads
to ferroelasticity, otherwise to antiferroelasticity. Generally, in the ferroelastic case
the interaction J(R) o< 1/R3, in the antiferroelastic case J(R) o< 1/R°. These laws
are qualitatively different in the sense that the ferroelastic interaction has long (in-
finite) range, whereas antiferroelastic is short ranged, close to systems with nearest-
neighbour interaction. It makes all the difference in their properties with respect to
their thermodynamic and kinetic behaviour.

There is a drastic difference in the kinetic behaviour and textures in ferroelastics
with twin boundaries (Sapriel case) and otherwise (non-Sapriel case). In a Sapriel fer-

Phil. Trans. R. Soc. Lond. A (1996)


http://rsta.royalsocietypublishing.org/

A

ya

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

\

(3

A

A

4

Vi

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

Strain effects, particularly in phase transitions 2893

1
1
1
1
1
1
1
0
0
0
0
0

Figure 12. Cont. (b) After ¢t = 50 Monte Carlo steps the long range elastic interaction between
ordering variables resulted in tweed.

roelastic system there is always a tendency to produce a dense mass of microdomains
and quickly develop a cross-hatched ‘tweed’ pattern of domain walls running in two
soft directions inside a material. Although tweed is a state unfavourable thermo-
dynamically compared to the well-ordered system, the systems tend to get trapped
in this state and relatively slowly evolve into a ‘stripe’ phase with fewer domain
boundaries.

Non-Sapriel ferroelastics quickly order into uniform mesoscopic domains because
all the domain boundaries cost a lot of elastic energy: there is no ‘nucleation and
growth’. This behaviour implies the applicability of standard rate laws for second-
order phase transitions (Landau & Khalatnikov 1954; Patashinskii & Pokrovskii
1979) to ferroelastic systems (Salje 1993a,b).

In ferroelastics with coherent twin boundaries (dis)ordering always involves some
kind of domain pattern, in many cases tweed-like. The stage of tweed pattern seems
to be unavoidable in cases studied analytically and on computer (Bratkovsky et al.
1994c) and in experiment (Salje 1993a; Khachaturyan 1983). The most dramatic
example of texturing is that of a rapid heating of an ordered system to some tem-
perature well below the critical temperature 7. In this case an initial completely
ordered state quickly evolves into a tweed state due to anisotropic elastic forces act-
ing between local ordering processes operating over long distances. A lot of disorder
appearing in this case is apparently against simple expectation of the disorder corre-
sponding to a given final temperature. The system develops a tweed pattern and stays
in this metastable state for a long time. The latter observation should be relevant
for processes of unusual kinetic behaviour of systems subjected to a shock heating
(Fahy & Merlin 1994) which it would be interesting to investigate experimentally.
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gure 2. (a) Microstructure of Co-doped YBa;(Cu,Co)307. Scale: the black label insert is
2 pm long (photograph by courtesy of A. Putnis, Cambridge). (b) Tweed texture in Co-doped
BCO (schematic). The domains with opposite spontaneous strains are shown to form a char-
teristic cross-hatched domain pattern.
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gure 8. The maps of strain order parameter obtained during annealing at temperature
, = 0.43T. after quenching from 7" = 2T.. Those from (a)-(f) correspond to annealing time
= 10, 50, 200, 1000, 2000 and 4000 Monte Carlo steps per site. Note the immediate appearance
tweed in (a) due to the pre-existence of embryos at 27T,, the sharpening up of microdomain
alls in (b), the coarsening in (b), (¢), and the formation of needle domains in (d)—(f).
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gure 10. The map of the strain order parameter at temperature 1.37. showing the embryonic
ictuations for a system with e,,—e,, type of coupling and boundaries of the type in figure 2c.
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igure 12. Sudden heating: model system which has initially been set in state with all ¢); = 1
1d then subjected to instant heating to 0.47.. (a) After ¢ = 2 Monte Carlo steps a few spins
wve flipped in rather random manner.
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Figure 12. Cont. (b) After t = 50 Monte Carlo steps the long range elastic interaction between
ordering variables resulted in tweed.


http://rsta.royalsocietypublishing.org/

